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Abstract
We study free actions of finite groups on the standard 3-dimensional nilmanifold. By the works of
Bieberbach and Waldhausen, this classification problem is reduced to classifying normal nilpotent
subgroups of all almost Bieberbach groups of finite index, up to affine conjugacy. We conclude that
if a finite group acts freely on the standard 3-dimensional nilmanifold with the first homology Z2,
then it is cyclic.
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1. Introduction
The general question of classifying finite group actions on a closed 3-manifold is very
hard. However, the actions on a 3-dimensional nilmanifold can be understood easily by
the works of Bieberbach, L. Auslander and Waldhausen [2,5,8]. We shall study only free
actions of finite groups on the 3-dimensional nilmanifold M with H1(M;Z) = Z2.
A group N is p-step nilpotent if N(p) = 1, where N(1) = [N,N], the commutator
subgroup of N , and N(i+1) = [N,N(i)]. H denotes the 3-dimensional Heisenberg group;
i.e., H consists of all 3 × 3 real upper triangular matrices with diagonal entries 1. Thus H
is a simply connected, 2-step nilpotent Lie group, and it fits an exact sequence
1 → R →H→ R2 → 1,
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where R =Z(H), the center ofH. HenceH has the structure of a line bundle over R2. We
take a left invariant metric coming from the orthonormal basis


0 0 10 0 0
0 0 0

 ,

0 1 00 0 0
0 0 0

 ,

0 0 00 0 1
0 0 0




for the Lie algebra of H. This is, what is called, the Nil-geometry and its isometry group
is Isom(H) =H O(2) [10,11]. All isometries of H preserve orientation and the bundle
structure.
We say that a closed 3-dimensional manifold M has a Nil-geometry if there is a
subgroup π of Isom(H) so that π acts properly discontinuously and freely with quotient
M =H/π . The simplest such a manifold is the quotient of H by the lattice consisting of
integral matrices.
Let L be a connected and simply connected nilpotent Lie group. Then Aff(L) =
L  Aut(L) is called the affine group of L, where the group operation is given by
(g,α)(h,β) = (g · α(h),αβ)
and Aff(L) acts on L by (g,α)x = g · α(x) for (g,α) ∈ Aff(L) and x ∈ L. Let K be any
maximal compact subgroup of Aut(L). Then a discrete uniform subgroup E of L  K is
called an almost crystallographic group. E is a torsion-free if and only if the E-action on
L is free. In this case E is called an almost Bieberbach group and the coset space E\L is
an infra-nilmanifold. (In case E ⊂ L, E\L is called a nilmanifold.) If L is Abelian (∼= Rn
for some n), this terminology reduces to a crystallographic group, a Bieberbach group and
a flat Riemannian manifold, respectively.
Almost Bieberbach groups are exactly the fundamental groups of compact infra-
nilmanifolds. A closed 3-dimensional manifold has a Nil-geometry if it is an infra-
nilmanifold. It is well known that infra-nilmanifolds are determined completely (up to
affine diffeomorphism) by their fundamental groups.
For each integer k > 0, let
Γk =



1 l nk0 1 m
0 0 1

∣∣∣∣ l,m,n ∈ Z

 .
Then Γ1 is the discrete subgroup ofH consisting of all integral matrices and Γk is a lattice
of H containing Γ1 with index k. Clearly
H1(H/Γk;Z) = Γk/[Γk,Γk] = Z2 ⊕ Zk.
We shall call
N =H/Γ1
the standard nilmanifold. Note that there are infinitely many distinct nilmanifolds H/Γk
covered by N . In this paper, we shall find all possible finite groups acting freely on N .
Let G be a finite group acting freely on the standard nilmanifoldN . Then clearly, M =
N /G is a topological manifold, and π = π1(M) ⊂ TOP(H) is isomorphic to an almost
Bieberbach group. Let π ′ be an embedding of π into Aff(H). Since any isomorphism
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between lattices extends uniquely to an automorphism ofH, we may assume the subgroup
Γ1 goes to itself by the embedding π → π ′ ⊂ Aff(H). Then the quotient group G′ = π ′/Γ1
acts freely on the standard nilmanifold N = H/Γ1. Moreover, M ′ = N /G′ is an infra-
nilmanifold. Thus, a finite free topological action (G,N ) gives rise to an isometric action
(G′,N ) on the standard nilmanifold N . Clearly, N /G and N /G′ are sufficiently large,
see [4, Proposition 2]. By works of Waldhausen [12] and Heil [3, Theorem A], M is
homeomorphic to M ′.
Definition 1.1. Let groups Gi act on manifolds Mi , for i = 1,2. The action (G1,M1)
is topologically conjugate to (G2,M2) if there exists an isomorphism θ :G1 → G2 and
a homeomorphism h :M1 → M2 such that h(g · x) = θ(g) · h(x) for all x ∈ M1 and all
g ∈ G1. When G1 = G2 and M1 = M2, topologically conjugate is the same as weakly
equivariant.
For N /G and N /G′ being homeomorphic implies that the two actions (G,N )
and (G′,N ) are topologically conjugate. Consequently, a finite free action (G,N ) is
topologically conjugate to an isometric action (G′,N ). Such a pair (G′,N ) is not unique.
However, by the following theorem which has been obtained by Lee and Raymond [7], all
the others are topologically conjugate.
Theorem 1.2. Let ϕ :E → E′ be an isomorphism between two almost crystallographic
groups of L. Then ϕ is conjugation by an element of Aff(L).
2. Criteria for conjugacy
In this section, we develop a technique for finding and classifying all possible finite
group actions on the 3-dimensional nilmanifold. The problem will be reduced to a purely
group-theoretic one.
From the exact sequence 1 → R →H→ R2 → 1, we can see that the automorphism
group is
Aut(H) = R2  GL(2,R),
where the factor GL(2,R) comes from the automorphisms of the quotient R2, and the R2
factor is the inner automorphisms. In fact, an element
A =
[
a b
c d
]
∈ GL(2,R)
yields an automorphism ofH mapping
1 x z0 1 y
0 0 1

 →

1 ax + by z′0 1 cx + dy
0 0 1

 ,
where
z′ = (ad − bc)z + 1
2
(
acx2 + 2bcxy + bdy2).
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An elementU =
[
u
v
]
∈ R2 ⊂ Aut(H)
represents an automorphism of H mapping
1 x z0 1 y
0 0 1

 →

1 x z − vx + uy0 1 y
0 0 1

 .
In fact, it is the conjugation by the element
1 u 00 1 v
0 0 1

 .
Let Γ be any lattice of H and Z(H) be the center of H. Then Z = Γ ∩ Z(H) and
Γ/Γ ∩Z(H) are lattices of Z(H) and H/Z(H), respectively. Therefore, the lattice Γ is
an extension of Z by Z2, that is, there is an exact sequence:
1 → Z → Γ → Z2 → 1.
Let a, b and c be elements of Γ such that the images of a and b in Z2 generate Z2 and c
generates the center Z. Then it is known that such Γ is isomorphic to one of the following
groups, for some k:
Γk =
〈
a, b, c | [b, a] = ck, [c, a] = [c, b] = 1〉, k 	= 0,
where [b, a] = b−1a−1ba. This group is realized as a uniform lattice of H if one takes
a =

1 0 00 1 1
0 0 1

 , b =

1 1 00 1 0
0 0 1

 , c =

1 0 1k0 1 0
0 0 1

 .
Remark that Γk is isomorphic to Γ−k .
The following proposition gives a characterization of an almost Bieberbach group
(see [6]).
Proposition 2.1. An abstract group π is the fundamental group of a 3-dimensional infra-
nilmanifold if and only if π is torsion-free and contains Γk for some k > 0 as a maximal
normal nilpotent subgroup of finite index.
It is well known that all 3-dimensional infra-nilmanifolds are Seifert manifolds (see [9]).
Assume M is a 3-dimensional infra-nilmanifold. Then M has a Seifert bundle structure;
namely, M is a circle bundle over a 2-dimensional orbifold with singularities. It is known
[1, Proposition 6.1.] that there are 15 classes of distinct closed 3-dimensional manifolds M
with a Nil-geometry up to Seifert local invariant.
Note that if M = H/π is a 3-dimensional infra-nilmanifold, then there is a diffeo-
morphism f between H and R3, and an isomorphism ϕ between π and π ′, where π ′
is a subgroup of Aff(R3) = R3  GL(3,R) such that (π,H) and (π ′,R3) are weakly
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equivariant. Therefore, an infra-nilmanifold M =H/π is diffeomorphic to an affine man-
ifold M ′ = R3/π ′. The following proposition presents an imbedding of Aff(H) into
Aff(R3) ⊂ GL(4,R), and will be used to realize an action of G = π/N on the nilmani-
foldH/N , where N is a normal nilpotent subgroup of π isomorphic to Γ1.
Proposition 2.2. Aff(H) =H Aut(H) imbeds into Aff(R3) ⊂ GL(4,R) by


1 x z0 1 y
0 0 1

 ,([ u
v
]
,
[
p q
r s
])
→




ps − qr k2 (p(2v + y) − r(2u + x)) k2 (q(2v + y) − s(2u + x)) kxy2 − kz
0 p q x
0 r s y
0 0 0 1



 ,
where k is any nonzero real number.
From now on, we shall use the representations of almost Bieberbach groups in [1,
pp. 155–164]. In the following presentations, we shall use ti ∈ Aff(H) (i = 1,2,3) whose
explicit representations into Aff(R3) are λ(a), λ(b) and λ(c), respectively. That is, for
some k > 0,
λ(a) =




1 0 − k2 0
0 1 0 1
0 0 1 0
0 0 0 1



 , λ(b) =




1 k2 0 0
0 1 0 0
0 0 1 1
0 0 0 1



 ,
λ(c) =




1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1



 ,
and by Proposition 2.2, these correspond to
t1 =



1 1 00 1 0
0 0 1

 , I

 , t2 =



1 0 00 1 1
0 0 1

 , I

 ,
t3 =



1 0 − 1k0 1 0
0 0 1

 , I

 ,
respectively, where I is the identity in Aut(H) = R2  GL(2,R).
The following is the list for 15 classes of the 3-dimensional almost Bieberbach groups
imbedded in Aff(H). In each presentation, πk means Seifert bundle type k, n is any positive
integer, and t3 is central except for π3 and π4. Note that t1 and t2 are fixed, but k in t3 varies
for each πi,j . For example, k = n for π1; k = 2n for π2, etc.
π1 =
〈
t1, t2, t3 | [t2, t1] = tn3
〉
.
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π2 =
〈
t1, t2, t3, α | [t2, t1] = t2n, α2 = t3, αt1α−1 = t−1, αt2α−1 = t−1
〉
,3 1 2
α =



1 0 − 14n0 1 0
0 0 1

 ,([ 00
]
,
[−1 0
0 −1
]) .
π3 =
〈
t1, t2, t3, α | [t2, t1] = t2n3 , [t3, t1] = [t3, t2] = 1, αt3α−1 = t−13 ,
αt1α
−1 = t1, αt2 = t−12 αt−n3 , α2 = t1
〉
,
α =



1 12 00 1 0
0 0 1

 ,([ 00
]
,
[
1 0
0 −1
]) .
π4 =
〈
t1, t2, t3, α,β | [t2, t1] = t4n3 , [t3, t1] = [t3, t2] = [α, t3] = 1, βt3β−1 = t−13 ,
αt1 = t−11 αt2n3 , αt2 = t−12 αt−2n3 , α2 = t3, β2 = t1,
βt1β
−1 = t1, βt2 = t−12 βt−2n3 , αβ = t−11 t−12 βαt−(2n+1)3
〉
,
α =



1 0 − 18n0 1 0
0 0 1

 ,
([
− 12
− 12
]
,
[−1 0
0 −1
]) ,
β =



1
1
2
1
8
0 1 12
0 0 1

 ,
([
0
− 12
]
,
[
1 0
0 −1
]) .
π5,1 =
〈
t1, t2, t3, α | [t2, t1] = t4n−23 , αt1α−1 = t2, αt2α−1 = t−11 , α4 = t3
〉
,
α =



1 0 − 14(4n−2)0 1 0
0 0 1

 ,([ 00
]
,
[
0 −1
1 0
]) .
π5,2 =
〈
t1, t2, t3, α | [t2, t1] = t4n3 , αt1α−1 = t2, αt2α−1 = t−11 , α4 = t33
〉
,
α =



 1 0 − 316n0 1 0
‘0 0 1

 ,([ 00
]
,
[
0 −1
1 0
]) .
π5,3 =
〈
t1, t2, t3, α | [t2, t1] = t4n3 , αt1α−1 = t2, αt2α−1 = t−11 , α4 = t3
〉
,
α =



1 0 − 116n0 1 0
0 0 1

 ,([ 00
]
,
[
0 −1
1 0
]) .
π6,1 =
〈
t1, t2, t3, α | [t2, t1] = t3n3 , αt1α−1 = t2, αt2α−1 = t−11 t−12 , α3 = t3
〉
,
α =



1 0 − 19n0 1 0
0 0 1

 ,([ 01
2
]
,
[
0 −1
1 −1
]) .
π6,2 =
〈
t1, t2, t3, α | [t2, t1] = t3n3 , αt1α−1 = t2, αt2α−1 = t−11 t−12 , α3 = t23
〉
,
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
1 0 − 29n
 ([
0
] [
0 −1 ])
α =0 1 0
0 0 1
 , 1
2
, 1 −1  .
π6,3 =
〈
t1, t2, t3, α | [t2, t1] = t3n−23 , αt1α−1 = t2, αt2α−1 = t−11 t−12 , α3 = t23
〉
,
α =



1 0 − 29n−60 1 0
0 0 1

 ,([ 01
2
]
,
[
0 −1
1 −1
]) .
π6,4 =
〈
t1, t2, t3, α | [t2, t1] = t3n−13 , αt1α−1 = t2, αt2α−1 = t−11 t−12 , α3 = t3
〉
,
α =



1 0 − 19n−30 1 0
0 0 1

 ,([ 01
2
]
,
[
0 −1
1 −1
]) .
π7,1 =
〈
t1, t2, t3, α | [t2, t1] = t6n3 , αt1α−1 = t1t2, αt2α−1 = t−11 , α6 = t3
〉
,
α =



1 0 − 136n0 1 0
0 0 1

 ,([ 120
]
,
[
1 −1
1 0
]) .
π7,2 =
〈
t1, t2, t3, α | [t2, t1] = t6n−23 , αt1α−1 = t1t2, αt2α−1 = t−11 , α6 = t3
〉
,
α =



1 0 − 136n−120 1 0
0 0 1

 ,([ 120
]
,
[
1 −1
1 0
]) .
π7,3 =
〈
t1, t2, t3, α | [t2, t1] = t6n3 , αt1α−1 = t1t2, αt2α−1 = t−11 , α6 = t53
〉
,
α =



1 0 − 536n0 1 0
0 0 1

 ,([ 120
]
,
[
1 −1
1 0
]) .
π7,4 =
〈
t1, t2, t3, α | [t2, t1] = t6n−43 , αt1α−1 = t1t2, αt2α−1 = t−11 , α6 = t53
〉
,
α =



1 0 − 536n−240 1 0
0 0 1

 ,([ 120
]
,
[
1 −1
1 0
]) .
Let (G,N ) be a free affine action of a finite group G on the standard nilmanifold N .
Then N /G is an infra-nilmanifold. Let π = π1(N /G), and Γ1 = π1(N ). Then π is an
almost Bieberbach group. In fact, since the covering projection N →N /G is regular, Γ1
is a normal subgroup of π .
Definition 2.3. Let π ⊂ Aff(H) =HAut(H) be an almost Bieberbach group, and let N1,
N2 be subgroups of π . We say that (N1,π) is affinely conjugate to (N2,π) if there exists
an element (t, T ) ∈ Aff(H) such that (t, T )π(t, T )−1 = π and (t, T )N1(t, T )−1 = N2.
Our classification problem of free finite group actions (G,N ) with π1(N /(G) ∼= π can
be solved by two steps:
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(I) Find all normal nilpotent subgroups N of π each of which is isomorphic to Γ1, and
classify (N,π) up to affine conjugacy.
(II) Realize the action of G onH/N as an action of G onH/Γ1 =N .
For (I), we need the following. Let π ⊂ Aff(H) =HAut(H) be an almost Bieberbach
group. Then ∆ = π ∩H can be generated by
t1 = (e1, I ), t2 = (e2, I ), t3 = (e3, I ),
where I is the identity in Aut(H) = R2  GL(2,R), and for some k > 0,
e1 =

1 1 00 1 0
0 0 1

 , e2 =

1 0 00 1 1
0 0 1

 , e3 =

1 0 − 1k0 1 0
0 0 1

 .
Thus ∆ = 〈t1, t2, t3〉 is the maximal normal nilpotent subgroup of π . Let N be a subgroup
of ∆ of rank 3 which is normal in π , and let
B = 〈t	11 tm12 tn13 , t	21 tm22 tn23 , t	31 tm32 tn33 〉
be a set of generators for N , where 	i , mi and ni (i = 1,2,3) are integers. More precisely,
t
	i
1 t
mi
2 t
ni
3 =
(
e
	i
1 e
mi
2 e
ni
3 , I
)
, i = 1,2,3.
We shall represent this set B of N just by its translation parts
[B] = {e	11 em12 en13 , e	21 em22 en23 , e	31 em32 en33 }.
Let d1 = gcd(	1, 	2, 	3). Then there exist integers p, q and r such that p	1 + q	2 +
r	3 = d1. Thus we have(
e
	1
1 e
m1
2 e
n1
3
)p(
e
	2
1 e
m2
2 e
n2
3
)q(
e
	3
1 e
m3
2 e
n3
3
)r = ed11 em′2 en′3 .
Now using ed11 e
m′
2 e
n′
3 , we can kill off all e1 powers from other generators and get a new
set of generators {ed11 e
m′1
2 e
n′1
3 , e
m′2
2 e
n′2
3 , e
m′3
2 e
n′3
3 }. Let d2 = gcd(m′2,m′3). Then similarly we
can change [B] to a new generating set [B′] = {ed11 em2 en13 , ed22 en23 , ed33 }, where 0m < d2,
0 ni < d3, i = 1,2. Thus we have the following Lemma.
Lemma 2.4. Any normal nilpotent subgroup N of π has a set of generators of the form〈
t
d1
1 t
m
2 t
n1
3 , t
d2
2 t
n2
3 , t
d3
3
〉
,
where 0m < d2, 0 ni < d3, i = 1,2.
Let us denote the normalizer of π by NAff(H)(π). For convenience, in the rest of the
paper we shall use the notation N1 ∼ N2 if there exists an element (t, T ) ∈ NAff(H)(π)
such that (t, T )N1(t, T )−1 = N2; that is, (N1,π) is affinely conjugate to (N2,π).
Now, the first step (I) is a purely group-theoretic problem and can be handled by affine
conjugacy. Firstly, we need to calculate the normalizer NAff(H)(π). The maximal normal
nilpotent subgroup ∆ of π is characteristic (i.e., invariant under any automorphism of π ).
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Therefore GL(2,R) ⊂ Aut(H) in NAff(H)(π) can be represented as integral matrices, if we
introduce a new coordinate system from ∆.
Let (t, T ) ∈ NAff(H)(π). Choose a finite set F of representatives of the coset π/∆ in π .
Find all (t, T ) ∈H Aut(H) such that
(t, T )α(t, T )−1 ∈ π
for all α ∈ F . In dimension 3, F can be taken so that it has cardinality at most 2.
The second part (II) “Realization” can be done by the following procedure. Let π be
an almost Bieberbach group and N be a normal subgroup of π with G = π/N finite. To
describe the natural affine action of G on the nilmanifoldH/N as an action of G onN , we
must make the nilmanifold the standard nilmanifoldN whose fundamental group is Γ1 and
describe the action on the universal covering level. In other words, the action of G should
be defined onH as affine maps (this is really explaining the liftings of a set of generators of
G in π ), and simply say that our action is the affine action modulo the standard lattice Γ1.
It is quite easy to achieve this. Find an automorphism B ∈ Aut(H) which N maps onto Γ1.
Then the conjugation by B ∈ Aff(H) maps π into another almost Bieberbach group in
such a way that N maps onto Γ1. Suppose {α1, α2, . . . , αp} generates the quotient group G
when projected down via π → G, then {Bα1B−1,Bα2B−1, . . . ,BαpB−1} describes the
action of G on the standard nilmanifold.
3. Free actions of finite groupsG on the nilmanifold
In this section, we shall find all possible finite groups acting freely (up to topological
conjugacy) on the standard 3-dimensional nilmanifoldN . It is interesting to see that either
a finite group acting freely on N is cyclic, or there does not exist any finite group acting
freely on N which yields an infra-nilmanifold homeomorphic to H/π3 or H/π4.
The following proposition is a working criterion for determining all normal nilpotent
subgroups of each almost Bieberbach group π which are isomorphic to Γ1.
Proposition 3.1. Let N be a normal nilpotent subgroup of an almost Bieberbach group π
and isomorphic to Γ1. Then N can be represented by a set of generators
N = 〈t1tn13 , t2tn23 , tK3 〉,
where 0 ni < K , i = 1,2, and K is determined by tK3 = [t2, t1].
Proof. The maximal normal nilpotent subgroup ∆ of π is generated by t1, t2, t3 satisfying
the relations
[t2, t1] = tK3 , [t3, t1] = [t3, t2] = 1,
where K is a positive integer. Let N be a normal nilpotent subgroup of π . Then N is a
subgroup of ∆ and can be represented by a set of generators〈
t
d1
1 t
m
2 t
n1
3 , t
d2
2 t
n2
3 , t
d3
3
〉
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by Lemma 2.4. Note that
[
t
d2
2 t
n2
3 , t
d1
1 t
m
2 t
n1
3
]= [td22 , td11 ]= [t2, t1]d1d2 = tKd1d23 .
Since N is isomorphic to Γ1, we have d3 = Kd1d2. By the normality of N in π , the
following two relations
t2
(
t
d1
1 t
m
2 t
n1
3
)
t−12 =
(
t
d1
1 t
m
2 t
n1
3
)(
t
d3
3
)Kd1/d3,
t1
(
t
d2
2 t
n2
3
)
t−11 =
(
t
d2
2 t
n2
3
)(
t
d3
3
)−Kd2/d3
show that d1 = d2 = 1, and d3 = K . This completes the proof by Lemma 2.4. 
Theorem 3.2. There does not exist any finite group acting freely (up to topological
conjugacy) on N which yields an orbit manifold homeomorphic to H/π3 or H/π4.
Proof. Let N be a normal nilpotent subgroup of π3 and isomorphic to Γ1. Then using
Proposition 3.1, we get
N = 〈t1t	3 , t2tr3 , t2n3 〉 (0 	, r < 2n).
By the normality of N , we have
α
(
t2t
r
3
)
α−1 = (t2tr3)−1tn3 ∈ N.
Thus tn3 ∈ N , which induces a contradiction. Hence there is no normal nilpotent subgroup
N of π3 which is isomorphic to Γ1.
For the case of π4, the normality of N = 〈t1t	3 , t2tr3 , t4n3 〉 (0 	, r < 4n) shows
β
(
t2t
r
3
)
β−1 = (t2tr3)−1t2n3 ∈ N,
which induces a contradiction. Therefore there is no normal nilpotent subgroup N of πi
(i = 3 or 4) which is isomorphic to Γ1. 
Next we shall deal with 13 cases out of 15 distinct almost Bieberbach groups up to
Seifert local invariant. The following theorem shows that for these 13 cases, any finite
group acting freely (up to topological conjugacy) on the standard nilmanifoldN is cyclic.
This, as in other parts of calculations, was done by the program mathematica [13] and
hand-checked.
Theorem 3.3. Suppose G is a finite group acting freely (up to topological conjugacy)
on N . Then G is cyclic, and it is one of the following:
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π Group G Conjugacy classes of normal nilpotent
subgroups isomorphic to Γ1
π1 Zn = 〈t3〉 N = 〈t1, t2, tn3 〉
π2 Z4n = 〈α〉 N = 〈t1, t2, t2n3 〉
π5,1 Z16n−8 = 〈α〉 N1 = 〈t1, t2, t4n−23 〉
(∗)Z16n−8 = 〈γ 〉 N2 = 〈t1t2n−13 , t2t2n−13 , t4n−23 〉
π5,2 Z16n = 〈α−1t3〉 N = 〈t1, t2, t4n3 〉
π5,3 Z16n = 〈α〉 N = 〈t1, t2, t4n3 〉
π6,1 Z9n = 〈α〉 N = 〈t1, t2, t3n3 〉
π6,2 Z9n = 〈α−1t3〉 N = 〈t1, t2, t3n3 〉
π6,3 Z9n−6 = 〈α−1t3〉 N = 〈t1, t2, t3n−23 〉
π6,4 Z9n−3 = 〈α〉 N = 〈t1, t2, t3n−13 〉
π7,1 Z36n = 〈α〉 N = 〈t1, t2, t6n3 〉
π7,2 Z36n−12 = 〈α〉 N = 〈t1, t2, t6n−23 〉
π7,3 Z36n = 〈α−1t3〉 N = 〈t1, t2, t6n3 〉
π7,4 Z36n−24 = 〈α−1t3〉 N = 〈t1, t2, t6n−43 〉
Here (∗): The generator γ is a conjugate of α by ([ 1/2−1/2 ] , [ 1 00 1 ]) ∈ Aut(H); that is,
γ =



1 0 − 14(4n−2)0 1 0
0 0 1

 ,([ 0−1
]
,
[
0 −1
1 0
]) .
The free action of G = πi/N on the nilmanifold H/N is described as an action of G on
N by 〈fi〉:
f1(x, y, z) =
(
x, y, z − 1
n
)
.
f2(x, y, z) =
(−x,−y, z− 14n).
f5,1(x, y, z) =
(−y, x, z − xy − 116n−8).
(∗)f5,1(x, y, z) =
(−y, x, z− y − xy − 116n−8 ) (Remark: This comes from γ ).
f5,2(x, y, z) =
(
y,−x, z − xy − 116n
)
.
f5,3(x, y, z) =
(−y, x, z − xy − 116n).
f6,1(x, y, z) =
(−y, x − y, z + 12y − xy + 12y2 − 19n).
f6,2(x, y, z) =
(−x + y,−x, z+ 12x + 12x2 − xy − 19n).
f6,3(x, y, z) =
(−x + y,−x, z+ 12x + 12x2 − xy − 19n−6).
f6,4(x, y, z) =
(−y, x − y, z + 12y − xy + 12y2 − 19n−3).
f7,1(x, y, z) =
(
x − y, x, z + 12x + 12x2 − xy − 136n
)
.
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f7,2(x, y, z) =
(
x − y, x, z + 1x + 1x2 − xy − 1 ).2 2 36n−12
f7,3(x, y, z) =
(
y,−x + y, z − 12y − xy + 12y2 − 136n
)
.
f7,4(x, y, z) =
(
y,−x + y, z − 12y − xy + 12y2 − 136n−24
)
.
Proof. (Type 5.) First we shall deal with the case of Seifert bundle type 5. Recall that
π5,i =
〈
t1, t2, t3, α | [t2, t1] = tK3 , [α, t3] = [t3, t1] = [t3, t2] = 1,
αt1α
−1 = t2, αt2α−1 = t−11 , α4 = tm3
〉
,
α =



1 0 − m4K0 1 0
0 0 1

 ,([ 00
]
,
[
0 −1
1 0
]) ,
where 1 i  3, K = 4n−2 for the case of π5,1, or K = 4n for the cases of π5,2 and π5,3,
and m = 3 for the case π5,2, or m = 1 otherwise.
Let N be a normal nilpotent subgroup of π5,i (1  i  3) isomorphic to Γ1. Then by
Proposition 3.1,
N = 〈t1t	3 , t2tr3 , tK3 〉 (0 	, r < K).
Since N is a normal subgroup of π5,i , the following two relations
α
(
t1t
	
3
)
α−1 = (t2tr3)t	−r3 ∈ N,
α
(
t2t
r
3
)
α−1 = (t1t	3)−1t	+r3 ∈ N
show that 	 = r , and 	 = 0 or K2 . Thus the possible normal nilpotent subgroups are
N1 =
〈
t1, t2, t
K
3
〉
, N2 =
〈
t1t
K/2
3 , t2t
K/2
3 , t
K
3
〉
.
Now we shall show that if K = 4n, then N1 ∼ N2; but if K = 4n − 2, N1 is not affinely
conjugate to N2. First, we need to calculate the normalizer NAff(H)(π5,i). Let
µ =



1 x z0 1 y
0 0 1

 ,([ u
v
]
,
[
a b
c d
]) ∈ NAff(H)(π5,i).
Since the holonomy group of π5,i is Z4, one can see that the normalizer of Z4 in GL(2,Z)
is Z4  Z2, where
[ 1 0
0 −1
] ∈ Z2. Thus it is not hard to see that
u = 0, v = 0, x = p/2, y = q/2, z ∈ R (p, q ∈ Z)
and x2 must be multiple of m/K . When K = 4n, it is easy to see N1 ∼ N2 by the
conjugation by


1 − 12 ∗0 1 12
0 0 1

 ,([ 00
]
, I
) ∈ NAff(H)(π5,i).
However, for K = 4n − 2, there does not exist µ whose conjugation maps N1 onto N2.
Thus N1 is not affinely conjugate to N2.
H.Y. Chu, J. Shin / Topology and its Applications 144 (2004) 255–270 267
The realization of the action of G = πi/N on the nilmanifold H/N , as an affine
action on the standard nilmanifold N , is easy provided that we follow the “Realization”
procedure.
Note that the normal nilpotent subgroup N1 of π5,1 (or π5,3, respectively) is equal
to Γ1 itself. Therefore G = π5,1/N1 ∼= Z16n−8 (or π5,3/N1 ∼= Z16n, respectively) acts
on N . Thus the generator α of the group G can be obtained directly from α ∈ π5,1 (or
π5,3, respectively). However we observe that N2 = 〈t1t2n−13 , t2t2n−13 , t4n−23 〉 is the only
normal subgroup which is not equal to Γ1, but isomorphic to Γ1. To obtain an action of
G = π5,1/N2 onN , one has to conjugate the representation of π5,1 so that N2 becomes Γ1
by means of an automorphism B , where
B =
([ 1
2
− 12
]
,
[
1 0
0 1
])
∈ Aut(H).
Thus we can see that BN2B−1 = Γ1, and
γ = BαB−1 =



1 0 − 14(4n−2)0 1 0
0 0 1

 ,([ 0−1
]
,
[
0 −1
1 0
]) ,
describes an action of π5,1/N2 ∼= Z16n−8 on N . That is, it acts onH by
γ ·

1 x z0 1 y
0 0 1

=

1 −y z − y − xy − 14(4n−2)0 1 x
0 0 1

 .
Therefore if f :H→H is the map generated by γ , then
f (x, y, z) =
(
−y, x, z − y − xy − 1
16n− 8
)
.
In the case of π5,2, since α4 = t33 , it will be nice if we can find β ∈ π5,2 such that
β4 = t3. In fact β = α−1t3 is such one. For example, take N = 〈t1, t2, t4n3 〉 ⊂ π5,2. Then we
get
N = 〈t1, t2, t4n3 〉= 〈t1, t2, β16n〉.
Since N is equal to Γ1 itself, the group G = π5,2/N ∼= Z16n is generated by the image of β ,
where
α =



 1 0 − 316n0 1 0
0 0 1

 ,([ 00
]
,
[
0 −1
1 0
]) ∈ π5,2,
and
β = α−1t3 =



 1 0 − 116n0 1 0
0 0 1

 ,([ 00
]
,
[
0 1
−1 0
]) .
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It acts on H byβ ·

1 x z0 1 y
0 0 1

=

1 y z − xy − 116n0 1 −x
0 0 1

 .
Therefore if f :H→H is the map generated by β , then
f (x, y, z) =
(
y,−x, z − xy − 1
16n
)
.
(Type 6.) Next we shall deal with the case of Seifert bundle type 6. Let N be a normal
nilpotent subgroup of π6,i (i = 1,2) and isomorphic to Γ1. From Proposition 3.1,
N = 〈t1t	3 , t2tr3 , t3n3 〉 (0 	, r < 3n).
By the normality of N , the following two relations
α
(
t1t
	
3
)
α−1 = t2t	3 =
(
t2t
r
3
)
t	−r3 ∈ N,
α
(
t2t
r
3
)
α−1 = t−11 t−12 tr3 =
(
t1t
	
3
)−1(
t2t
r
3
)−1
t	+2r3 ∈ N,
show that 	 = r , and 	 = 0, n or 2n. (It is easy to see that 	 = r = 0 for the cases of π6,3
and π6,4.) Therefore the possible normal nilpotent subgroups are
N1 =
〈
t1, t2, t
3n
3
〉
, N2 =
〈
t1t
n
3 , t2t
n
3 , t
3n
3
〉
, N3 =
〈
t1t
2n
3 , t2t
2n
3 , t
3n
3
〉
.
It is not hard to see N1 ∼ N2 by using
([
1 − 13 ∗
0 1 13
0 0 1
]
, I
)
∈ NAff(H)(π6,i), and N1 ∼ N3 by
using
([
1 − 23 ∗
0 1 23
0 0 1
]
, I
)
∈ NAff(H)(π6,i), where I is the identity in Aut(H). Hence there
exists only one normal nilpotent subgroup
N = 〈t1, t2, t3n3 〉
of π6,i which is isomorphic to Γ1. Therefore there exists only one π6,i/N ∼= Z9n (i = 1,2)
free action on the nilmanifold H/N which yields an infra-nilmanifold homeomorphic to
H/π6,i , respectively.
The generators of π6,i/N and their realization procedure can be obtained similarly as
in the case of π5,i/N .
(Type 2.) Now we shall deal with π2. Let N be a normal nilpotent subgroup of π2
isomorphic to Γ1. Then
N = 〈t1t	3 , t2tr3 , t2n3 〉 (0 	, r < 2n)
by Proposition 3.1.
Since N is a normal subgroup of π , the following two relations
α
(
t1t
	
3
)
α−1 = (t1t	3)−1t2	3 ∈ N,
α
(
t2t
r
3
)
α−1 = (t2tr3)−1t2r3 ∈ N,
show that 	 = 0 or n, and r = 0 or n. Thus the possible normal nilpotent subgroups are
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N1 =
〈
t1, t2, t
2n〉, N2 = 〈t1, t2tn, t2n〉,3 3 3
N3 =
〈
t1t
n
3 , t2, t
2n
3
〉
, N4 =
〈
t1t
n
3 , t2t
n
3 , t
2n
3
〉
.
It is not hard to see N1 ∼ N2 and N3 ∼ N4 by using
([
1 − 12 00 1 0
0 0 1
]
, I
)
∈ NAff(H)(π2) and
N1 ∼ N3 by using
([
1 0 0
0 1 12
0 0 1
]
, I
)
∈ NAff(H)(π2). Thus we get
N = N1 =
〈
t1, t2, t
2n
3
〉= 〈t1, t2, α4n〉.
Therefore there exists only one π2/N ∼= Z4n free action on the nilmanifold H/N which
yields an infra-nilmanifold homeomorphic to H/π2.
(Type 7.) Finally we shall deal with the case of Seifert bundle type 7. Let N be a normal
nilpotent subgroup of π7,i (1 i  4) and isomorphic to Γ1. From Proposition 3.1,
N = 〈t1t	3 , t2tr3 , tK3 〉 (0 	, r < K),
where K is 6n, 6n− 2, or 6n− 4. By the normality of N , the following two relations
α
(
t1t
	
3
)
α−1 = t1t2tr3 =
(
t1t
	
3
)(
t2t
r
3
)
t−r3 ∈ N,
α
(
t2t
r
3
)
α−1 = t−11 tr3 =
(
t1t
	
3
)−1
t	+r3 ∈ N,
show that 	 = r = 0. Therefore there exists only one normal nilpotent subgroup
N = 〈t1, t2, tK3 〉,
isomorphic to Γ1.
(Type 1.) Trivial. 
Example. Assume Z48 acts freely on the standard 3-dimensional nilmanifold. Then
there exist 6 distinct topological conjugacy classes of free actions, which yield infra-
nilmanifolds homeomorphic to H/π1, H/π2, H/π5,2, H/π5,3, H/π6,3 andH/π7,4.
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